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Ionization and Recombination in Plasmas 

Anne Nouri  ~ and Armel  de La Bourdonnaye 2 

Re('eil'ed Septemher 17, 1996 

Ionization and recombination in a plasma are considered. They give rise to a 
system of kinetic equations with cubic source terms. An existence theorem is 
proved Ibr such a system. 

KEY WORDS: Plasmas: ionization; recombination; kinetic system of equa- 
tions: cubic collision operator. 

INTRODUCTION 

Discharges on satellites are a recent domain  of  interest. They have been 
observed at low altitude, and give rise to electron beams ~5' ~2) which degrade 
the satellite's efficiency. The discharges propagate  in a plasma created by the 
ionization of  desorbed neutral moleculesJ "~ The processes of  ionization and 
recombinat ion have already been described, a m o n g  other  collisions, in ref. 9, 
and numerically simulated in refs. 13 and 14. In this paper, we focus on the 
ionization and recombinat ion processes arising in such sparse plasmas. We 
will not  take into account  the excitations of  molecules going along with such 
phenomena.  17~ Ionizat ion of  a molecule colliding with an electron and giving 
rise to an ion and two electrons is considered, as well as the reciprocal recom- 
bination phenomenon.  Kinetic equat ions are more  appropr ia te  than fluid 
ones because o f  the sparsity of  the considered plasmas. The source terms 
contain cubic terms. Cubic terms also arise in the study of  nondegenerate  
semiconductors.  I1~1 By Fermi 's  principle, however, the distribution function 
there is known to be bounded.  Multiple collisions have been taken into 
account  in the Bol tzmann context with discrete and semidiscrete models. ~-' 4~ 
Here, analogously to the Bol tzmann equation,  the presence o f  cubic terms 
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gives rise to the mathematical problem of giving them a sense, since the 
distribution functions are only expected to belong to L ~ log L' .  ~ t.61 In this 
paper, we overcome this difficulty by assuming that a molecule and a 
subsequent ion in an ionizing collision have the same velocity. 

1. T H E  I O N I Z A T I O N - R E C O M B I N A T I O N  S Y S T E M  A N D  
A PRIORI  E S T I M A T E S  

Let ~(v~, v2, v3, 1)4, 1)5) be the transition rate from an ion and two elec- 
trons with respective velocities v,, v2, and 1)3 to an electron and a molecule 
with respective velocities v4 and vs. Then, 

(~(1) l , l . )2 ,1)3 ,1)4 ,  US)=(~ (1 ) l ,O3 ,1 )2 ,1 )4 ,1 )5 )  ' (/)i) ~ ~15, 1 ~<i~<5 (1.1) 

By the conservations of momentum and energy, the support of 0Z is the set 

m i v  I -{- Me(  v 2 "k 1)3) = M,,v  4 "k M , , v s  (1.2) 
I ~ i ~_Miv i + ~M,,(v;  + v~) = I , , 2 - _ _ _ ~ M , , v T , + ~ M , , , v s + d  (1.3) 

where M i ,  M,, ,  M .... and A, respectively, denote the ion, electron, and 
molecule masses and the ionization energy. Let f ( t ,  x ,  1)), g(t ,  x ,  v), and 
h(l,  x ,  v), respectively, denote the ion, electron, and molecule distribution 
functions. We only consider collisions between particles of different types. 
Hence the ionization-recombination system is 

f , + v . V . , . f  

= - f ( t ,  x ,  v) I ~(v, v2, v3, v4, vs) g( t ,  x ,  1)2) g(t ,  x ,  v3) dv2345 

+ I ~(v, v z, v3, v4, v5) g(t ,  x ,  I)4) h(t,  x ,  vs) dv2345 (1.4) 

g , + v . V . , . g  

= - g ( t ,  x ,  v)[ 2 f ~(1)" v, v 3, 1)4, 1)5) f ( t ,  x ,  v ,)  g(t ,  x,  v3)dv,345 

+ I ~(v l '  1)2, v3, v, v5) f ( t ,  x ,  1)1) g(t ,  x ,  v 2) g(t ,  x,  v 3) dvlz35 

+ 2  1 ~(vl , v, v 3, v4, vs) g( t, x,  v4) h( t, x ,  v5) dv1345 (1.5) 
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h, + v- V.,.h 

= - h ( t ,  x, v) f g(vj, v 2, v3, v4, v) g(t, x, v 4) dvl234 

+ f ~ ( v l , v z ,  v3, va, v ) f ( t , x ,  v l )g ( t , x ,  vz) g(t ,x ,  v3) dvlz3a (1.6) 

This system will be considered in a periodic box A, with nonnegative initial 
data (fo, go, ho) = (f(0),  g(0), h(0)) such that 

fo(1 + [vlZ +ln f o ) e L  j +, go(l + Ivl'- + ln  g o ) e L  I + 

(1.7) 
ho( 1 + ova-' + In ho) eLl+ 

Let us first notice that nonnegativity is preserved, i.e., f ,  g, and h are non- 
negative like fo, go, and ho. Then, adding (1.4) and (1.6) and integrating 
over (0, t) x A x R~ gives 

~ ,• ( f  +h)(t, 

so that, by (1.7), 

x, v) dx dv = f ,t • # (fo + ho)(X, v) dx dv 
v 

( f  + h ) ( t , x , v ) d x d v <  oo, telR + (1.8) 

Analogously, adding (1.5) and (1.6) and using (1.7) gives 

, , •  t e R  + (1.9) 

Moreover, adding ( 1.4)-(1.6) and integrating over (0, t) • A x R~ yields 

~..jx~; ( f  +.g+h)(t,  x, v) dxdv 

,., ~, ( fo+go +ho)(X, v)dx d v -  ~(vt, v,, v3, v4, vs) 
• , o .  , ,  •  x ~I,~ 

x (f(s,  x, vl) g(s, x, v2) g(s, x, v3)--g(s, x, v4) h(s, x, vs)) dvidxds 

(1.10) 
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Then, multiplying (1.4)-(1.6) by M; Ivl -~, M,. Ivl 2, and M,, [vl 2, respectively, 
and integrating over (0, t) • A • ~,3 gives 

f (MJ+M,,g+M,.h)(t,x,v) Iv[~-dxdv 
. f • ~.;! 

= f  (Mi f i~+M, .go+M, ,ho) (x ,  v) Iol'- dx dv 

t "  

+ | 8(v,,  v,, v3, 04, v s)[f(s,  x, vt) g(s, x, v2) g(s, x, v3) 
J q  O. I ) x /! x ~ I  5 

I 

-g ( s ,  x, v4) h(s, x, vs)] 

x( -M,v~-M, . (v~_+v3-v~4)+M, , , v~)dv~dxds ,  t e ~  + (1.11) 

By (1.3), the right-hand side of (1.11)is 

f (MJo+M~.go+M, , ,ho) (x ,  v ) Iv l2dxdv  
. ! • f~3 

- 2 ~ f  g(vl, v,, v3, 04, V 5 )  
O, t l  • .,1 • ~ I  5 

• (f(s,  x, vl) g(s, x, v2) g(s, x, v.~) --g(s, x, v4) h(s, x, vs)) dvi dx ds 

which, by (1.10), is equal to 

f (Mifi ,+M,.go+M,, ,h~,)(x,  v)Ivl~-dxdv 
A • ~ 3  

+ 2 J [  ( f  + g + h ) ( t , x , v ) d x d v  
i •  

- 2 J  I (fo + go + ho)(x, v) dx dv 
M x ~ 3  

Hence 

!~ • ~' ( f  +g  +h)(t,  x, v) Iv[ 2 dx dv < co, t 6 ~  + (1.12) 
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Finally, multiplying (1.4) by lnJ ;  (1.5) by ln g, and (1.6) by lnh and 
integrating over (0, t) x A x R 3 gives 

I, ( J l n J + g l n  g + h l n h ) ( t , x , v ) d x d v  
I x ~  3 

+ ~ , a(v,, v,_, v3, v4, vs)[ f (s ,x ,  v~) g(s,x,  v2) g(s,x,  v3) 
a~ O, t ) x A  X~r j  

-g ( s ,  x, v4) h(s, x, vs)] 

f'(s, x, v,) g(s, x, v,_) g(s, x, v3) 
x In ~ dv i dx ds 

g(s, x, v4) h(s, x, v5) 

=f (Ji, ln f o+go ln  g . + h .  lnh , , ) (x ,v )dxdv  
,,f x ~3 

(1.13) 

It follows from (1.7), the nonnegativity of the second term of the left-hand 
side of (1.13), and a classical argument ~3~ that 

I ( f l l n f l + g l l n g l + h l l n h l ) ( t , x , v ) d x d v < o o ,  
I •  

t e R  + (1.14) 

and 

f~+ •215 v2, v3, v4, vs)[f(s,  x, vj) g(s, x, v2) g(s, x, v3) 
i 

- g(s, x, v4) h(s, x, vs)] 

x In f (s ,  x, vl) g(s, x, v2) g(s, x, v3) dvi dx ds < oo 
g(s, x ,  v 4 )  h(s ,  x ,  Vs) 

(1.15) 

Remark. The apriori estimates (1.8), (1.9), (1.12), (1.14), and (1.15) 
also hold when A is a bounded set, for given ingoing data as boundary 
conditions. 

2. EQUAL ION A N D  MOLECULE VELOCITIES.  DEFIN IT ION OF 
A SOLUTION 

Taking into account that M~. <~ M/, we can approximate the momen- 
tum and energy conservation laws by 

V I ~ V  5 

M,.(v~ + v 3) = M,,v 4 + 2Z 
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Hence we consider transition rates 0~ of the following type: 

(A1) 4(v,, 0 2 ,  / ) 3 '  0 4 '  / ) 5 ) = 0 [ ( V I '  0 2 '  / ) 3 '  / ) 4 '  V 5 ) ( ~ S  

where S denotes 

S =  { (vi) e •tS/vl =v 5, M,,(v; + v~)=M~.vT~ + 2J}  

Denote 3 := 2J/M,,, and 

z(/),_,/)3,/),) : =  + A} 

We assume that ct is a nonnegative measurable function satisfying 

�9 ~ 6 (A2) Izl,,.,.,.~.,,4~(v,, /)2' /)3' /)4, v~)dv2dv3eL (~,,4) 
: z  I ,~ I (A3) lz(,,_,. ,.~. r4)a(Vl' v2, /)3, 04, /)1)d/)4 ~ t , .  s (L,,t.,) r L,,, (L,,2~) 

Moreover, assume that the initial data are nonnegative and satisfy (1.7) and 

(A8) f o ~ L ' ( ~ ;  L~-(A.,.)), goeL'(A. , .x  R~), ho~L'(R,3; L'~-(A.,.)) 

(A9) Ve>0, 3r/>0: C c R  3 and ICl <~l=:'lIfo+hollL,,c:L~,.,,<e 

It follows from (AI) that the ionization-recombination system (1.4)-(1.6) is 

f , + v . V , f  

= - f ( t ,  x, v) [ o~(v, v2,/)3,/)4, v) g(t, x, v2) g(t, x, v 3) dv234 
aZ "(r 1'3" t'4) 

+h(t ,x ,V)  fz  oc(v, v2, v3, v4,/)) g(t,x,/)4)d/)234 (2.1) 
~( r 2 .  r 3 .  r 4 ) 

g , + v . V , g  

= --g(t ,x ,  /)) [ 2 f o~(/),, v, /)3, /)4, /)i) f ( t , x ,  /),) 
3 . . r3" e4 ) ~"1 x Z{ i .  

x g( t, x, v3) dvl34 

+ _ f ,~xz, , . , . , ,o~(vs,  v2, v3, v, vs)h(t, x, vs)d/)_,35] J 
5 - " 

+ Ie~, • z,.,. ,,~. ,,~ ~(vl'/)2,/)3, v,/)1) f ( t ,  x, v,) g(t, x,/)2) g(t, x, v3) dvl,_3 

+ 2 f ~  o~(vs,/),/)3,/)4, vs) g(t,x,/)4)h(t,x,/)5)d/)a45 (2.2) 
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I1, + v . V,.h 

= f( t ,  x, v) f a(v, v2, V 3 ,  V 4 ,  V )  g(t, x ,  0 2 )  g(t, x, v3) d o 2 3 4  
JZ .( v 2 , v 3 , v 4 ) 

- h ( t , x , v )  fz  o~(v, vz, v3, v4, v) g(t ,x ,  v4) dv23 ~ (2.3) 
(v 

- 2 "  v3" v4 ) 

Adding (2.1) and (2.3) leads to 

( f  +h ) ,+v .V . , . ( f  +h)=O 

so that, by (A4), 

f ( f  + h ) ( t , x , v ) d v = f  ( f o + h o ) ( x - t v ,  v) dv< oo (2.4) 

Hence h belongs to L~-(N + x A.,.; L~(N~)). Moreover, by (A2) and (1.9), 

~z o~(v, v) g(t, 0 4 )  do234 V2, 093, f) 4 , X, 
( c 2 , v 3, v 4 ) 

belongs to L'~'-(N + x [R~, L~(Ax)). 
Hence their product is well defined. Then, 

f~ f(t, 09) X ,  
+ x /! x ~-; 

x f o~(v, v2,093, v4, v) g(t, x, v2) g(t, x, v3) d09234  d09 dx dt 
oz -11' 2 , I~ 3 . /'41 

= f g(vi) f ( t ,  x, 09,) g(t, x, v,_) g(t, x, v3) dvi dx dt a~ + •  15 

~ j f ~(vi) g(t, x, v4) h(t, x, 095) d09i dx dt 
JR + x .4 x ~15 

+ ~(Vi)[f(t, X, Vl ) g(t, X, V2) g(t, X, 093) 
+ x . 4 x ~  15 

- g (  t, x, 097) h(t, x, 095)] 

x l n f ( t ' x ' v l ) g ( t ' x ' v 2 ) g ( t ' x ' v 3 ) d v i d x d t < o o ,  j > l  (2.5) 
g(t, x, v4) h(t, x, v 5) 
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by the last argument and (1.15). Hence 

f ( t ,  .g, U) f 0~(/), U2, U3, V4, /)) g(t, x, o 2) g(l, x, v3) do234 
�9 / Z (C - 2 "  t ' 3 "  1 "4 )  

and 

h(t, x, v) I z  ~(v, v2, v_~, v4, v) g(t, x, v 4) dv,3~ 
t t"  c �9 2" ~" c4) 

belong to L ~. And so the usual solutions f and h of(2.1)  and (2.3) in the 
distributional sense can be considered. Analogously, by (1.9), (2.4), and 
(A2) 

g( t, x, v) J", ~( vs, v2, v3, v, v 5) h( t, x, vs) dv235 
x Z ( r , .  r- , .  r )  

"r 5 

and 

~, ~(v~, v, v3, v4, vs) g(t, x, v4) h(t, x, vs) dye45 
~:~ • Zc v. r~. v~ ) 

5 

belong to L ~. Similar arguments to (2.5) prove that the right-hand side of 
(2.2) belongs to Lt, so that the usual solution g of (2.2) in the distribution 
sense can be considered. 

Remark. We have just proved that our equations for electrons, ions, 
and neutral molecules can be treated in the distributional sense, in contrast 
to the DiPerna-Lions case for a single-species gas. This is so because our 
collision terms are in L ~, whereas the DiPerna-Lions collision term is only 
in L t after renormalization. 

3. A P P R O X I M A T E  SOLUTIONS 

A truncated version of the ionization-recombination system is used. 
For any positive integer n, let 

( f ) , ,  = f  ^ n [ - m i n ( f ,  n)] 

~,,(vl, v_,, v3, v~, vs) = ~(vl, v2, v3, v4, v~)x,.~+.s<~, 

i i  i t  _ _  
f ' g = J ;  ^ ,,, g,, =g , ,  ^ ,,, / , o - h e  ^ ,, 
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Here, Z.r denotes the characteristic function of the set X. Let the truncated 
ionization-recombination system be 

Z + v . v , f  

= - ( h , + v . V , . h )  

= --fZ 0r 02, V3, V4, V)(j'c(tj) g(/'2) g(o3)),, dv234 
.( r 2, r~,  r 4 ) 

+ Iz %(v, v,_, v3, v4, v)(g(v4) h(v)),, dye34 
{ r 2 ,  r 1 , I' 4 ) 

g , + v . V , g  

(3.I) 

C 
= - 2  j ~,,(v,, v, v3, v~, v, )(f(v~) g(v) g(v3)),, dye34 

~:;~1 x Z(v .  r.~. v41 

+ f  a,,(v~, v,, v3, v, vs)( g(v) h(vs) ),, dr235 
~ 1  x Z ( v , .  v~. r )  
"'5 

+ I  r I, V,, V 3, ta. V I ) ( f (v l )  g(v2) g(v3)) ,  dvl23 

f et,,(vs, v, v3, v4, Vs)(g(v4) h(vs)),, dv34s + 2 ~ • zl,'. ,'~. ,.~ (3.2) 

with solutions f" ,  g", and h" taking J'{',, g{{, and hi' ) as initial values. The 
existence of f" ,  g", and h" is proved by a Banach fixed-point argument in 
C(O, T; L~(A x ~3)) for any T > 0 ,  hence in C(•+ ; L~(A x ~~)). Moreover, 

f" ,  g", and h" belong to L+ (with an L ' - b o u n d  depending on 11). By 
similar arguments to Section 1, they satisfy 

I (f,,+g,,+h,,)(t,x,v)(l+lvl2)dxdv<c 
. l • 1 6 2  3 

f " "n ./ (t , .x,v)(l +lvlX +lln r"ttj , ,.x', v ) l ) d x d v < c  
,1 x ~.3 

g' ( t ,x ,  v)(l + lvl'- + lln g"(t,x, v)l) dv dv < c 

(3.3) 

f h , , ( t , x , v ) ( l+lv l ,_+[ lnh , , ( t , x , v ) l )dxdv<c  ' t E ~ +  
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and 

0<~ o~,,(vi)((f"(v,) g (v2) g " ( v 3 ) ) , , - ( g  ~ 4~ (v5~2,,J 
,I ,I • ~15 

• In f " ( v l )  g"(v2) g"(v3) , av i dx dt < c (3.4) t i t  ~) \ g ~ 4~ h"(vs) 

Here c are constants independent of n. It follows from (3.3) that ( f " ) ,  (g"), 
and (h") are weakly compact in L t ( A •  3) for t~>0 and in Lt((0, T ) •  
A •  3) for T > 0 .  

P r o p o s i t i o n  3.1. Let f " ,  g", and h" be solutions to (3.1)-(3.2). 
Then, for any q / e L ' ( ( 0 ,  T ) •  • ~3; L~(R_~)), 

f " ( t ,  x, v) q/(t, x, v, w) dv 

g"(t, x, v) ~(t, x, v, w) dv 

and 

h"(t, x, v) ~b(t, x, v, w)dv 

belong to a compact set in L~((0, T) x A x I~,.). 

The averaging technique of Golse et al. ~ will be used in the form 
stated in ref. 6. 

Lemma 3.2. Let (E, lt) be an arbitrary measure space, and let 
~k E L"  ((0, T) xA x ~~; L](E)). 

(i) If f "  and F" belong to a weakly compact set in L~(K) for any 
compact set in (0, T ) x  A x R 3, and f ' , '+ v. V , . f " = F "  in the distribution 
sense, then J~,f"~b dv belongs to a compact set in Lt((0, T ) x  A x E )  for 
any compact set K in (0, T) x A x ~3, provided that supp ~b c K x  E. 

(ii) If in addition f "  belongs to a weakly compact set in L~((0, T ) x  
A • ~ ) ,  then ~ f " ~  dv belongs to a compact set in L~((0, T ) •  A x E). 

For a proof of Lemma 3.2, see refs. 6 and 8. 
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Proof of Proposition 3.1. Given the weak L ~ compactness off", g", 
and h", it remains to prove that the right-hand sides of (3.1)-(3.3) are 
locally L ~ compact in the sense of Lemma 3.2. We have that 

Ix o%(v, v2, v.~,v4, v)(g"(t,x, v4)h"(t,x,v)),,dv234 
. ( r  2,  t" 3, 1"41 

is bounded in L~,,r since 

f iz c%(v'v~'v3'va'v)(g"(t'x'v4)h"(t'x'v)) dv~4dxdv 
I x ~3 - i1 - _  

(t" I'-~ +'41 �9 i ~ 2-  - 

~< IIh"ll,.,',,Ll, c~(v. /)2, V3, V4, U) dr23 IIg Ic,'lC,,~ 
�9 ~ ( r 2 .  ra.- r 4 )  L ~ ( r  4 " 

Moreover, for any measurable set B x  C, where B c  R, + x A and C c  I~, 3, 

I iz ~"(v'v2'v3"v4'v)(g"(t'x'v4)h"(t'x'v))"dv234dtdxdv 
B x ( '  I t "  " 2" 1"3" t'4 } 

=f~ h"(t,x,v)[~ z O(,,(U, U2 ,  U3 ,  U4 ,  D)  
• ( '  (r r ~ .  r 4 ) 

"" t ] x g ~ , x, v4) d12234 dt dx dv 

is arbitrarily small when ]Bx CI is small enough. Indeed, the L~(~ + x A)- 
weak compactness of 

~z fl,,(v, v) g"(t, x, v 4) dv234 U2, O 3 , 04, 
I t "  +'~ r 4 )  - 2 -  . -  

f o l l o w s  from the weak LI-compactness of (g") and (A2). Hence, if IBI is 
small enough and C is bounded, 

x C* { r  2 , t" I .  t '41 

<~c IIh"ItL,,~,+• I ~ g"(t,x, v4)dv4dxdt 
r B x ~r4 



654 Nouri and de La Bourdonnaye 

is arbitrarily small. Whereas if B is bounded and [C[ small enough, 

f,, h"(t,x,v)f z ~,,(v, v2, v3, v4, v ) g " ( t , x ,  v4)dv~34dtdxdv  
X ( '  ~ ( r  I"~" 1"4 ) 

,..[, f % g"(t,x, v4)dv4dtdxdv 

~< c Jig;, + h,,  II L'c c: +_ 'c.,  ,, II g "  II +_,, ~+: +_,,., ,: u ~  

is arbitrarily small, by (A5). Since every small set in I~ + x A x ~~ is small 
in the v direction outside of a small set in ~ + x A, it follows that 

f fx ~,,(v, v 2, v 3, va, v) 
l ,  ( v  �9 " . ~ . 1  ~ 2 ,1 "~ .1 ' . 1 }  

x (g" ( t ,  x, v4) h"(t, x, v)), ,  dv234 dt dx dv 

is arbitrarily small when [A,..,.,.[ is small enough. Then 

z 0%(v, %, v~, v4, v ) ( f" (v)g"(v : )  g"(v~)} dr234 
- 2 "  ' �9 " 

f l  it it ~<j ~,,(v, v2, v3, v4, v ) ( g ( t 4 ) h  (v ) )  dv2.~4 
{t '  " 2" I ' t '  1"4) 

+7---. o~,,(v, v,,  v~, v4, v}[ ( f " ( v )  g"(v2) g (v.~) ),, 
In J )zl,.,. r> q) - " 

- - ( g k  41 ~ I ) , , j ln  
(J'"(v) g'(v~) g"(L3)), 

( g"(v~) h"(v) ) . 
dv2~4, j >  1 (3.5) 

so that the weak L~-compactness of the first term of the right-hand side 
and the arbitrary smallness of the second term of (3.5) imply the weak 
L~-compactness of 

f z  f l " ( v ' v 2 " v 3 ' v 4 ' v ) ( - f " ( t ' x ' v ) g " { t ' x ' v ' - ) g " ( t ' x ' v 3 ) ) " d v 2 3 4  
(v  v I I" 4 ) " 2" �9 

The weak L ~-compactness of the right-hand sides of (3.2)-(3,3) follow from 
similar arguments. 
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4. AN EXISTENCE T H E O R E M  

T h e o r e m  4.1. Let (ct, fi,, go, ho) satisfy (AI)-(A5). Then there are 
solutions f ,  g, and h to the ionization-recombination system (2.1)-(2.3) in 
distribution sense on R + x AxR~.  Moreover, f and h belong to 
L~-(R + x A; L'(R~)) and 

I f( t ,x ,v)(l+lvl2+llnfl( t ,x,v))dx,  dv<o ~ 
. | x ,]~2 3 

f g(t,x,v)(l+[vl2+llngl(t,x,v))dxdv<c~ 
. I  x ~  3 

f h(t,x,v)(l+lvl~-+llnhl(t,x,v))dxdv<c~, 
. I x ~  3 

t e R  + 

(4.1) 

Proof of Theorem 4. 1. By a Cantor diagonalization argument, it is 
enough to prove Theorem 4.1 on an arbitrary interval of time (0, T). Let 
us pass to the limit in the weak formulation satisfied by h", namely 

f 

. 1 •  3 . I x 8 r  3 ) . l x ~  3 

= - - f ,  f ' . . . f f J ( t '  X~ / )1 )  0r  
0 T ) x . I  ., - 2" 3" �9 ~, i x Z l t  I 4 ) 

X ( g"(t, X, V4) h"(/ ' ,  X, U I )>,,  dui234 dl (Iv 

+J', i , • @(t,.x',v.)o~,,(v,234,) 
{I. f l x . I  ~Jl  Z(1"2"1t+c4) 

x(f"( t ,x ,v , )g"( t ,x ,  v2)g"(t,x, v3)>,,dv,234dtdv (4.2) 

where r is ,a compactly supported function belonging to C'((0, T )xA;  
L "(R3)). It follows from the L'(A x R3) weak compactness of h"(t, . , .  ), as 
well as the L'((0, T)x  A x R3) weak compactness of h", that the left-hand 
side of (4.2) converges to 

T 

. I x ~  3 . I .  . ) I x ~  3 

822 ~7 3 - 4 - 1 3  
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when n tends to infinity. Moreover, the energy bound from (3.3) and the 
weak L'-compactness of (g") imply that 

I~ I if(t, x, v,)[o~,,(v,234,)(g"(/, x, v4)h"(t, .,', vs)),, 
0, T )  • .'| ~ 1  x Z (  r 2 , I' 3 , /'4 ) 

-oc(v,234,) g"( t, x, v4) h"( t, x, vs)] dv l2~4 dt dx 

tends to zero when n tends to infinity. By (3.4) and similar arguments, 

I,o. T, • I ~  • z, ..," .3.., ~ ( t ' x ' v ' )  

x [0%(v,z34 , ) ( i f ( t ,  x, v,) g"(t, x, v2) g"(t, x, 03)), 

--cz(v,~4t) f " (  t, x, vt ) g"( t, x, v2) g"( t, x, v3)] dvlz34 dt dx 

tends to zero when n tends to infinity. Therefore it remains to pass to the 
limit in 

f -~ ~(t, x, v,) 0c(v,2~4,) 
r x Zlv~, v 3, v 4) O, T )  x / l  31 . 

xg"(t, x, v4) h"(t, x, vs) dv,234 dt dx 

and in 

I( I ~(t,x,v,)oc(v,z34,) f " ( t , x , v~)  
0, T)xA R]~, IxZ(v 2 , r : ~ , v  4) 

x g"( t, x, v2) g"(t, x, v~) dv~234 dt dx 

By (A2) and Lemma 3.2, 

and 

I (g"--g)(t ,  v~) ~ 0~(vl,a4t) h(t, vl) dr,23 dr4 X,  X ,  a~ 
~! x Z (  1'234 ) -~ 

f ( h " - h ) ( t , x ,  v4)[fzl,,,34~(vt234,)dv23 ] dvl 

strongly converge to zero in Lt((0, T)xA). By Egoroff's theorem, let 
~ c ( 0 ,  T)xA be such that [a"l is arbitrarily small and 

I ~(vl~41) h(t, x, v,) dVl23 dv~ ( g " -  g)( t, x, v4) JR~t 
x Z ( F 2 3 , I )  
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and 

converge to zero when n tends to infinity, uniformly with respect to 
(t, x) e a. Then 

f . I~  ~(v'234')(g"(t' x' v4) h"(t' x' v') 
131 X Z(  t'234 ) 

--g(t, x, v4) h(t, x, v~ )) dv1234 dt dx 

f .  I " t I~ o~(v,234,)h(t.x.v,)dv,23dv4 dtdx  <~ (g --g)( , x, v4) ~,• 

X I ~  0~(!')12341)dDI23] du I dl)4dtdx 
( 1'2t 4 [ 

tends to zero when n tends to infinity. Indeed, (g") is uniformly bounded 
in LI((0, T ) •  A • R~). Moreover, the convergence to zero of 

:. I ~ v4) l : ( t ' x '  v') 
3 Z( r~a4 ) 

--g(t, x, I ) 4 )  h(t, x, vl )) dol234 dt dx 

follows fi'om the L~((0, T ) x  A) weak compactness of 

Let us prove that 

f, f " lirn o~(v1234,)[J (t, x, vl) g"(t,x, v,) g"(t,x, v~) 
I ,  ~ ,:,,': O, T )  x , I ~ 1  x Z (  r234 ) 

- f (  t, x, vl) g( t, x, v2) g( t, x, v d ]  dv1234 dt dx=O 
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By (A3), Lemma 3.2, and Egoroff 's  theorem, there is a set a c (0, T ) x A  
such that la'l  is arbitrarily small and 

I,.{ >1., _ ,.~ (g"--g)(t'x'v3)[I,.4/,,~=,.~+,. ~ A 0C(012341 ) d/34] d/)3 

and 

f [ f~ ~(/)12341 )do4J dv~ ( f " - - f ) ( t ,  x, v, ) ~""~="~+"~-" 

converge to zero when n tends to infinity, uniformly with respect to 
(t, x)ea.  Restricting a if necessary, we can also assume that ~ g(t, x, v)dv 
is bounded on a. Then, 

If,~f~ ot{v~2341)[f"(t,x, vl) g"(t,x, v2) g"{t,x, v 3) 
• Z( t',.q ) 

-- f(t, X, V,) g(t, X, V 2) g(t, X, V3)] dvs2~4 dt dx 

J~ fJ ' ' f 'q '  I, ,(g"--g)(t, x, 03) ~< x'vl)g"(t 'x 'v2) .'-,>~A ,,~ 

I f  I 0~(/)12341) d/34] dv 3 dv, dvldtdx X "4/"~ = "~ + "~ -- ,,l 

I, If, (g"--g)(t,x, v2) + ff"(t,x,v,)g(t,x,v,) 
2 

I s  (X(UI2341)d041 dr2 do3dvldtdx x "~ ,'] = ,," + ,'~ _ ~, 

f~, I f, g( t' X' V3) + . g(t,X, V,_) .~>~a-,.~ 

f (  " " t  X f --J)( ,X,  Vl) 

v 4 v~ = I,:, + r~ -- A 
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tends to zero when n tends to infinity. Indeed, 

f~ .I f"( t, x, v, ) g'( t, x, v,_) dv,2 dt dx 

f~,I f"(t,x, v,) g(t,x, v3)dv,~dt dx 

and 
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i~I f g(t,x,v)dv] 2dtdx 

are bounded. Moreover, the convergence to zero of 

L L c((v123,~l)[./ (t, ,x, vt) g"( t , x ,  v2)g"(t,x,  v O 
'31 -. t "v x Z( / '~ IJ  ) 

- - f ( t ,  x ,  vt) g( t ,  x ,  v 2) g( t ,  x ,  v~)]  dvt234 dt dx  

fo l lows  f r o m  t h e  L I ( ( 0 ,  T ) x  A)  w e a k  c o m p a c t n e s s  o f  

f ~  "It . cz(vl2~41) J ( t, x, vj ) g"( t, x, v 2) g"( t, x, v3) dvj=34 dt dx 

Finally, it follows from (2.4), (1.8), (1.9), (1.12), and (1.13) t h a t f a n d  
h belong to L'~ ((0, T )x  A; L~([~;~.)) and (4.1) is satisfied. 
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